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1 
Let {X, m} be a localizable measure space [l], and L’(X, m) be the 
Banach-space of all equivalence classes of m-integrable functions on X. If 
L”(X, m) is the space of all equivalence classes of essentially bounded, 
locally m-measurable functions on X, then it is known that L”(X, m) is the 
continuous dual of L’(X, m), i.e., L”(X, m)= Li(X, m)*. The norms on 
L’(X, m) and L”(X, m) are denoted by I/.(/ 1 and I(.j/E, respectively. 
L”(X, m) is the standard example for an abelian W*-algebra, for every 
abelian W*-algebra is *-isomorphic to some Loo(X, m) with {X, m> 
suitably chosen from the category of localizable measure spaces, see [2]. If 
j-E L’(X, m) 1 e us define a linear functional (denoted by (.)f) over t 
L”(Xm) by (a>f=J.xf d , f a m or any a E L”(X, m). Therefore, if the dual 
L”(X, m)* is considered, we have a natural embedding of L’(X, m) into 
L”(X, m)*. In this picture, the corresponding elements of L’(X, m) are 
referred to as normal functionals. The states, i.e., the normalized to one, 
positive linear functionals on L”(X, m) are collected into the set S(X, m), 
which is a w*-compact, convex subset of L”(X, m)*. The intersection 
S(X, m)n L’(X, m) in the sense mentioned above is referred to as 
P(X, m)-the normal state space of L”(X, m). As usual, P(X, m) will be 
identified with the set of probability distributions over (X, m >. 
2 
Let T be a linear map from L’(X, m) into itself. T is referred to as a 
positive map if T(f) 2 0 whenever f > 0. T is said to be L’-stochastic (for 
the term stochastic see [3, III, 81) if T is positive and IIT(f)/l 1 = /lfjl, for 
all f 20. A linear operator S acting in L”(X, m) is said to be unital if 
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S( 1) = 1, with 1 the function of value one a.e., and positive if S(a) > 0 
whenever a B 0, taken from L”(X, WI). Note that if T is L’-stochastic the 
adjoint operator T+ over L”(X, m) is a unital, positive linear map. Unital, 
positive linear maps on L”(X, m) are often referred to as Markovian 
operatos. Moreover, if a linear map U acting in L”(X, m)* carries positive 
linear forms f into positive linear forms U(f) such that the normalization 
is preserved, U will be referred to as a stochastic operator. Clearly, every 
L’-stochastic operator extends uniquely to a stochastic operator (take the 
adjoint of the adjoint), but there are more stochastic operators than 
stochastic operators which appear as extensions of L’-stochastic ones, 
provided (X, m} does not correspond to the case where L”(X, m) is finite 
dimensional. 
3 
The aim of this note is to provide necessary and sufficient conditions 
under which we can be sure that a given n-tuple f = (f,, fi, . . . . fn> c 
P( X, m) of probability distributions can be transformed simultaneously into 
another n-tuple g of probability distributions by means of a L1-stochastic 
operator T, i.e., we are looking for a situation if gk = T(fk), for k = 1, . . . . n. 
The latter will be abbreviated by g = T(f). Let us call the problem 
described the n-tuple problem for probability distributions. This problem 
extends classical questions raised and answered in special cases, notably 
the case n = 2, m-finite measure, X = [0, l] or X = { 1, 2, . . . . N}, and 
f2 = g, = l/m(X), or = l/ZV, respectively. In these specifications, the T we 
are looking for is L’-bistochastic (resp. L’-doubly stochastic), for a 
definition see [4-61. The L’-bistochastic situation (1 is a fixed point of T) 
has been dealt with in a series of papers [7-lo], and [6] can be considered 
as a starting point for such kind of considerations around majorization. 
The case n = 2, X= [0, 1 ] with Lebesgue-measure m has been answered 
completely in [ 111, whereas a complete answer to the n-tuple problem for 
x= { 1, 1, . ..) N} can be found in [12]. In this paper also a more general 
view on this problem over commutative C*-algebras is proposed and 
worked out (but not in detail). In the following we shall base our con- 
siderations on results and ideas in the sense of [ 131. 
4 
Let F be a real-valued function over the convex cone RF of n-tuples of 
nonnegative reals. F is said to be h-convex if F is homogeneous (of first 
degree) and subadditive over iw;, i.e., for each t = (t, , . . . . t,) and every s > 0 
we have 
F(st) = sF(t) and F(t) <c F(t”‘) 
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whenever t = xi t(j), with t(i) E R: , cf. [ 121. On the n-tuples f c L’(X, m), 
let us define the F corresponding h-convex functional SF by S,(f) = 
sup(,)CkJ'(<ak)d with <ak>f=((ak>~,..., <ak>f.) and the supremum 
extends over all finite positive decompositions of the unity within 
L”(X, m), i.e., sets {a) of finitely many positive elements of L”(X, m) 
which sum up to the constant function 1. For these functionals S, defined 
over the n-tuples of L’(X, m)+-elements the following result can be proven, 
cf. [14, Appendix; or 131: 
LEMMA 1. For any non-negative h-convex function F on rW: the h-convex 
functional S, reads as 
S,(f) = 1 F(f(x)) dm(x) = f F(f) dm, 
J .r 
with f(x) = (f,(x), . . . . fn(x)) for any x E X. 
By [12] one knows the following 
PROPOSITION. There exists a stochastic T over L”(X, m)* such that for 
n-tuples f, g of P(X, m) g= T(f) if, and only if 
S,(g) G SFV) 
for any nonnegative h-convex function F over Iw;. 
Remark. Note that the previous assertion does not claim that T trans- 
forms pobability distributions into probability distributions in any case 
(i.e., in general one cannot be prevented from leaving the L’-space context 
by the T from above). Therefore, the assertion above is rather esoteric, 
whereas for L’-stochastic (resp. L’-bistochastic) operators one knows 
concrete representations, cf. the discussion in [7]. Hence, one is asking 
whether or not the T of the assertion can be chosen to be L’-stochastic in 
any case. The answer to this question is the main result of this paper. Note 
that in case of a finite set X with counting measure (or any other measure) 
the problem of normality (or the problem of L’-stochasticity and 
stochaticity) does not arise, for any stochastic operator there is L’- 
stochastic (being a stochastic matrix). In [13] a method has been 
established to see that T could have been chosen as a L’-stochastic map 
provided X is a denumberable set with counting measure m, or X= [0, l] 
with Lebesgue measure and fn = g, = 1 is considered (in the latter case a 
L’-bistochastic T is looked for in the sense of [4]). The methods used, 
however, intimately referred to the special structure of the measure spaces 
considered. 
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5 
In line with the remarks of the foregoing paragraph, we are now 
claiming the validity of the following 
THEOREM 1. Let f, g be n-tuples of probability distributions over {A’, m}. 
There exists a L’-stochastic operator T over L’(X, m) such that 
g = T(f) (1) 
if and only tf 
s F(g) dm < * c F(f) dm (2) x 
for any nonnegative, h-convex function F over R;. Moreover, for the 
existence of L’-stochastic T obeying (1) it is sufficient tf (2) holds with the 
special choice of 
F,,,(t)= 1 tjbj 9 
II Ii i co 
with (b) extending over the set of n-tuples of nonnegative elements of 
L”(X, m). 
We remark that the equivalence of the last part of the assertion with (2) 
for any nonnegative, h-convex F is a consequence of the mentioned result 
in [K!] if this is seen together with our Lemma 1 (cf. also [13]). 
6 
Proof of Theorem 1. By the just remarked, Lemma 1, and our 
Proposition, we will be done if equivalence among the subsequently listed 
conditions can be established: 
(a) there is a stochastic T over L”(X, m)* with g= T(f); 
(b) there is a normal Markovian operator S over L”(X, m) with 
(a>, = (S(a)>, for all a E L”(X, m); 
(c) g= T”(f) with L*-stochastic T”. 
The equivalence of (b) and (c) is written down in order to provide some 
additional information (the fact is known, of course) saying that T is L’- 
stochastic iff the adjoint is normal Markovian, and normality of a 
560 PETER M. ALBERT1 
Markovian operator S over L”(X, m) is understood to mean that if {X,y},y 
is an upward directed family of measurable subsets (i.e., if s<s’, then 
X, c X,.), and e, and er are the characteristic functions of X, and 
Y = U, X,, respectively, then lub,S(e,V) = S(e r). 
To show equivalence between (a) and (c), we shall take a way which 
reads in terms of algebraic structures (W*-algebras). Since (c) implies (a) 
in a trivial manner, we are going to show the implication (a) to (c). For 
this sake, let us consider the second dual L”(X, m)** of our algebra 
L”(X, m). The second dual is an abehan W*-algebra, too. Let 
j: L”(X, m)* 3fwj(f) E (L”(X, m)**), be the canonical isomorphism 
between the dual of L”(X, m) and the predual of the second dual (i.e., the 
normal linear functionals over the W*-algebra L”(X, m)**). There is a 
(uniquely determined) orthoprojection z E L”(X, m)** such that for any 
f~ L”(X, m)* the functional f,=j~~ ‘(fi), with fi(.) =j(f)(z(.)), is 
orthogonal to the whole L’(X, m) and f(, _ z) is in L’(X, m) (with respect to 
the usual identification of the predual with L’), cf. [2, 1.17.71. Let us fix 
some arbitrarily chosen probability distribution h over {A’, m}, and define 
the linear operator Q over L”(X, m)* by 
Q(f)=f(-:,+fAl)h for fE L”(X, m)*. 
Then, Q maps the dual linearily into L’(X, m). Moreover, Q preserves 
positivity and Q(f)( 1) =f( l), hence Q is stochastic with range in L*(X, m). 
Let us define, with the T of (a), another linear map T = Q 0 T. Clearly, T 
is stochastic and 
T’(L”(X, m)*) c L’(X, m). 
Let T” be the restriction of T’ onto L’(X, m). Then, T’ is L’-stochastic. 
The map f~f(, -zI is idempotent onto L’(X, m), i.e., a projection with 
f(, _ zJ = f for any f E L’(X, m). Since g is a n-tuple of L’-elements and T 
transforms the fs into g’s, g = T’(f) follows. 1 
7 
We note that the proof on equivalence of (a) with (c) applies, by its con- 
ception and also if L”(X, m) is replaced with an arbitrary ?V*-algebra A4 
and given n-tupels of normal states over M with the terms stochastic and 
Markovian extended in an obvious manner. The orthoprojection z from 
above will then be replaced with some central projection of AI**. 
Moreover, if T in (a) in a general situation is completely positive (suitably 
defined for stochastic maps, which extends the definition of [15] in an 
obvious manner), the T” of (c) can be chosen (and the S in (b), too) to be 
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completely positive (and normal in (b)) over M,, too. The reason is that 
the map Q is completely positive in any case. For our situation at hand, 
this does not play any role, for on commutative algebras the notions of 
positivity and complete positivity coincide. 
8 
Let us look on an important special case relating to L’-bistochastic maps 
(in case of L’([O, 11, Lebesgue-m) bistochastic maps are defined in [4]; 
by isomorphy, this definition applies to other finite measure spaces, too; 
the term bistochastic (resp. doubly stochastic) will be understood tacitly in 
L’-context only). 
COROLLARY 1. Let {X, m } be a finite measure space, and f, g be n-tuples 
of probability distributions. There exists a doubly stochastic T with g = T(f) 
over L’(X, m) tff 
i 
F(g)dm< F(f)dm 
ri s r 
for any nonnegative, convex function F over RI. Moreover, for the existence 
of T it is sufficient to have 
Zg/(x)bj+bilCCdm(x)~[Y~!~fJx)bj+b~~Edm(x) 
/ 
for any choice of b,, . . . . b,, b in L”(X, m),. 
The proof follows from Theorem 1 if we consider the case n + 1 there 
with our n-tuples of distributions supplemented by the distribution 
fn+,=gn+, = l/m(X), with the following fact in mind: 
LEMMA 2. A nonnegative function F on R “,” 1 is h-convex if, and only zf 
there is a convex function G over W’+, G>,O, such that F(t, t)= tG(t/t) for 
any tE!lF+, tER+\{O}. 
Proof For a given h-convex F, the function G(s) = F(s, 1) is the 
function in question (s E rW; ). Convexity of G follows from the h-convexity 
of F. 
Assume, G is a given convex, nonnegative function on R;. Then, the 
function F, defined by 
FJt, t)=,l\m sup, {sG(t/s): (l/k)bs-t>O} 
I 
562 PETER M. ALBERT1 
is homogeneous of first degree if we adopt the convention that 0. co = 0, 
and FJO) = 0 is defined. Hence, h-convexity of FG will follow if F, proves 
convex. 
First note that F, is convex on Iw; x (0, co). Indeed, let t,, t,E II%;, 
t,, t, E (0, co), and p E [0, 11. Define 
t(P)=Pt, +(I -Ph, f(P) = Pfl+ (1 - PhJ. 
If q = pt,/t( p), then q E [0, 1 J, too. It is easy to see that t(p)/t(p) = 
q(t,/t,)+ (1 -q)(to/to). By convexity of G (and positivity of all functions 
involved), the conclusion is now as the following: let H(t, t) = tG(t/t) for 
(4 f) E K x (0, ~0 1; then fWtly f,) + (1 - p)(h, kJ) = t(p) G(QMp)) Q 
t(p) qG(t,lf,) + t(p)(l -9) G(W,) = pf,G(t,lt,) + (1 -PI ~oG(WkA 
and convexity of H on the set mentioned is shown. Especially, H is convex 
as a function of t E (0, co), for each fixed t E 03;. Therefore, H is 
continuously dependent on t in the open interval in question for every t. 
Hence, for t > 0, by the definition of G, from above, FG(l, t) = H(t, t) = 
tG(t/t) has to hold. For the p from above and arbitrarily given t,, I,E R, , 
let us define s=ps, + (1 -p)s,, with l/k > s, - t, > 0, l/k > s,, - t, > 0. 
Then, by the proven convexity over W; x (0, co) of the function tG(t/t) we 
have 
sG(+)d ~s,G(t,/s,) + (1 -P) s,G(Ws,), 
for all s,, s0 specified as above. Taking the lim sup on both sides, and 
respecting that all expressions involved are positive, yields convexity of FG 
on all of KY++ 1 (i.e., the case t, + I = 0 is included now). fl 
9 
More generally, another consequence of Theorem 1 and Lemma 2 is 
given by 
COROLLARY 2. Assume g, f to be two n-tuples of probability distributions 
over some localizable measure space {X, m}. Then, g = T(f) with L’- 
stochastic T iff Z,(g) < Z,(f) for any nonnegative, convex G over rWTP I, with 
Z&l = j,Fdh) dm(x), and 
F,(t)=limsupsG(t,/s ,..., t,-,/s). 
5 \r I, 
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10 
We remark that the functionals I,(.) defined over n-tupels of probability 
distributions generalize appropriately the notion of relative G-information 
which case corresponds to n = 2. This case has been dealt with first in [ 111 
for X = [0, l] and m the Lebesgue measure. It should be mentioned once 
more again that the set of convex G which have to be tested in order to 
decide on the existence of a transforming T can be considerably restricted: 
following Theorem 1 and Lemma 1 it suffices to take into account only 
functions of the form G(t) = llCj tibj+ bll,, with b,, . . . . b,_ ], b chosen 
from L”(X, m), 
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